NON-SCALE-INVARIANT INVERSE CURVATURE FLOWS 
IN HYPERBOLIC SPACE 

JULIAN SCHEUER 

Abstract. Wc consider inverse curvature flows in hyperbolic space 
H"+^ with starshaped initial hypersurface, driven by positive powers 
of a homogeneous curvature function. 

The solutions exist for all time and, after rescaling, converge to a sphere. 
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1. Introduction 

During the last decades geometric flows have been studied intensively. Fol- 
lowing the ground breaking work of Huisken, [7] , who considered the mean 
curvature flow, several authors started to investigate inverse, or expanding 
flows, e.g. [2], in which nonconvex hypersurfaces were shown to be driven 
into spheres. This work, as well as [5], heavily relied on the homogenity of the 
curvature function, leading to, at least in Euclidian space, scale invariance of 
the flow. In both of these settings, the spherical flows exist for all time and 
thus dictate the behaviour of the solution. 

In [6] an inverse flow driven by arbitrary positive powers of a homogeneous 
curvature function was considered in M"+^ and for p > 1 blow up in flnite 
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time was proven. 

In the present work we also consider this kind of flow, 

X = F^^iy, < p <oo, 

in hyperbolic space EI"+^, n > 2. For p — 1 this has been treated in [5], as 
well as in [1] for mean curvature, however in the latter work the obtained 
convergence results are of less strength. This flow behaves quite differently 
compared to the Euclidian case, since the curvature of a geodesic sphere is 
bounded below by 1, so that the flow exists for all time, regardless of the 
value of p. 

In order to formulate the main result of this work, we first need a definition. 

1.1. Definition. Let F C M" be an open, symmetric and convex cone and 
F G C°°(F) a symmetric function. A hypersurface Mq C IHI"+^ is called F- 
admissable, if at any point x G Mq the principle curvatures of Mq, ki, k„, 
are contained in F. 

We now state our main result. 

1.2. Theorem. Let F C M" be a symmetric, convex and open cone, such 
that 

(1.1) F+ = {(Ki) e M": > VI < i < n} C F 

and F G C°°(F) n C'^(r) be a monotone, 1-homogeneous and concave curva- 
ture function, such that 

(1.2) F|r > 0,F|ar = and F(l,...,l) = n. 

Let p > and in case p > 1 suppose F = F+. Let M ^ Mq C IHI"+^ be 
a smooth and i^-admissable embedded closed hypersurface, which can be 
written as a graph over a geodesic sphere, identified with S", 

(1.3) Mo = graph u(0,-). 
Then 

(1) there is a unique smooth curvature flow 

x: [0,oo) X M ^m"+\ 
which satisfies the flow equation 

X = -$(F)i/, 
^^■^^ a;(0) = Mo, 

where i^{t, ^) is the outward normal to Mt — x{t, M) at x(i, ^), F is evaluated 
at the principle curvatures of Mt in x(t,^), 

(1.5) $(r) = ~r-P 
and the leaves Mt are graphs over S", 

(1.6) Mt = graph u(t,-). 

(2) For all < p < 1 the leaves Mt become more and more umbilic, namely 

(1.7) \h) - S]\ < ce-^\ c = c(n,p,Mo). 
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In case p > 1 there exists e = e{n,p, Mq), such that the same conclusion 
holds, if wc impose the C"-pinching condition 

(1.8) oscu(0,-)<e. 

(3) Under the appropriate conditions as in (2) we obtain, that the rescaled 
surfaces 

(1.9) Mt =graph(w- ^) 
converge to a geodesic sphere in the Frechet-metric of C°° . 



2. Setting and general facts 

We now state some general facts about hypersurfaces, especially those that 
can be written as graphs. We basically follow the description of [5], but 
restrict to Riemannian manifolds. For a detailed discussion we refer to [4]. 
Let N = iV"+i be Riemannian and M = M" ^ N he a hypersurface. The 
geometric quantities of N will be denoted by {gajs), (Rap-ys) etc., where greek 
indices range from to n. Coordinate systems in N will be denoted by {x"). 
Quantities for M will be denoted by (gij), (hij) etc., where latin indices range 
from 1 to n and coordinate systems will generally be denoted by (^'), unless 
stated otherwise. 

Covariant differentiation will usually be denoted by indices, e.g. Uij for a 
function u: AI — > M, or, if ambiguities are possible, by a semicolon, e.g. 
hij-k- Usual partial derivatives will be denoted by a comma, e.g. Ui,j. 
Let x: M ^ N he a.Ti embedding and {hij) be the second fundamental form, 
then we have the Gaussian formula 

(2.1) x% = ^h^jv'^, 

where v is a, differentiable normal, the Weingarten equation 

(2.2) vf = h\xl, 
the Codazzi equation 

(2.3) hij-^k - hik;j = Rai3jsi^°'x'^x]xi 
and the Gaufl equation 

(2.4) Rijki = {Kkhji - hahjk) + RafijSXix'^ xlxf- 
Since in our case N — EII"+^, we have 

(2.5) RaPjS — gaSg/B-y " gajSpS 

and thus the Codazzi equation takes the form 

(2.6) hij-^k = hik-j. 

Now assume that N = (a, b) x So, where Sq is compact Riemannian and that 
there is a Gaussian coordianate system (x") such that 

(2.7) ds^ = e'^'^iidxy +(j,j{x°,x)dx'dx^), 
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where aij is a Rieniannian metric, x = (a;*) are local coordinates for Sq and 
i/) : TV — > M is a function. 

Let M — graph be a spacelike hypersurface 

(2.8) Af = {(a;°,x): = u(2:),a: G So}, 
then the induced metric has the form 

(2.9) ^ e^'l' {u,Uj + a,j) 
with inverse 

(2.10) cf' = e-^'^{a'^ - y-^u^u'), 
where (cr'-') = {aij)^^, = cr'-'wj and 

(2.11) = 1 + a'^UiUj = 1 + \Du\^. 
We use, especially in the Gaussian formula, the normal 

(2.12) {ly") =v-'^e-'^'{l,-u'). 
Looking at a = in the Gaussian formula, we obtain 

(2.13) e-^v~'h,, = ~u,j ~ f"„oU,Uj - f - f"„^u, - f 
and 

(2.14) e-^h, = -f^, 

where covariant derivatives are taken with respect to g^-. 

Let us state some properties of IHI"+^. E1I"+^ is parametrizable over -62(0) 

yielding the conformally flat metric 

(2.15) ds^ = ,^ \ ^.J dr^ + r^a^jdx'dx^), 

where (cTy) is the canonical metric of S", cf. [5, p. 16]. Also compare [4, Thm. 

10.2.1]. 

Defining r by 

(2.16) r==log(2 + r)-log(2-r), 
such that 

(2.17) dr = -^^dr, 

^ 4^ 

then 

(2.18) ds^ = dr^ + sinh^ Ta.,jdx\lx^ . 

Thus we have a parametrization of 11"+^ over E"+^ and, using [4, Thm. 
1.7.5], we see that in geodesic polar coordinates around a given point the 
metric takes the above representation. In the sequel we will again write r for 
T, for greater clarity. 

The geodesic spheres are totally umbilic and, setting 



(2.19) fjij = sinh ra 
their second fundamental form is given by 

(2.20) hij ~ coihrgij. 
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Thus hj = coth rSj and Ki — coth r. The second fundamental form of a graph 
M = graph u satisfies 

(2.21) hijV^^ = —Uij + hij. 

3. Long time existence 

C"-estimates. 

We first construct the spherical barriers of the flow. 

3.1. Proposition. Consider (1.4) with a;(0) = = {x^ = tq}. Then the 
corresponding flow x = x{t, ^) exists for all time. The leaves M(t) = x{t, M) 
are geodesic spheres with radius 

(3.1) x"(t,M) = e(t,ro), 

where Q solves the ODE 

Q = F-P = n-P coih-P e 

(3.2) 

e(0,ro)=ro. 

Proof. Looking at (2.12), we see that the outer normal of a geodesic sphere 
is (1, 0, 0) and thus, setting 

xO(t,e) = e(t,ro) 

x\t,o = x\GX). 

where Q is the unique solution of (3.2), we see that x solves the flow equation, 
also using that Fiji^j) = n coth Q. The solution of the ODE exists for all time, 
since < 6 < n^P. □ 

We now derive further properties of the spherical flows. 

3.2. Proposition. Let 0^ — Q{t,ri), i = 1,2, be solutions of (3.2), ri < r2, 
then 

(3-4) n + —^—^ < e,{t) < n + ^ 

nP coth'^ ri nP 
and there exists c — c(ri,n,p), such that 

(3.5) O<02(i)-0iW<c(r2-ri) Vi £ [0, oo) 
and such that p h- )■ c{ri,n,p) is continuous. 

Proof. The first inequality follows from 

(3.6) — < e < — , 

^ ^ nP coth'' ~ ~ nP 

since > and since coth is decreasing. To prove the second claim, define 

(3.7) p(t) = 02(t)-0i(t). 
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p is positive, since this is the case at t = and different orbits of an ODE 
flow can not intersect. We have 

1 1 

~ nP coth^' 62 ~ nPcothPOi 

< — (cothPOi - coth^e,) 
nP 

(3.8) = ^(pcoth^'-i(s)(coth2(s)-l))(e2-ei), se[ei{t),Q2{t)] 

nP 

< c{n, p,r i){coth^ 61 - l)p{t) 
= csinh^^ Qip{t) 

< csinh^^(ri + ct)p{t), 



Thus 



t 

-2/ 



log p{t) < log p{0) + / csinh {cs + ri)ds 
Jo 

= log(r2 — ri) + - [— coth(cs + ri)] 



and 



< log(r2 — ri) + - cothri 



p{t) < c{n,p,ri){r2 - ri). 



□ 



3.3. Corollary. Let O = 9(t, rg) be a solution of (3.2), then there exists 
c — c(ro, n,p), such that 

(3.10) - c < 6- ^ < c Vi e [0,00). 

Proof. The upper estimate foUows from Proposition 3.2 immediately. There 
holds 

e-^.^ ^ 

nP nP coth^ nP 

1 1-coth^'e 



nP coth^ e 

> — (1 -coth^e) 



nP 

(3-11) > — (l-coth™e), p<meZ 



nP 

m— 1 



^ coth'''e(l -cothG) 



nP 

k=0 



> c(n,p,ro)(l-coth^e) 

> c(l - coth^(ro + ct)) 
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and thus 



(3.12) 



Q(t) >ro + c (1 - coth^(ro + cs))ds 

nP Jo 

= ro + ^[coth(ro + cs)]l 

c c 

= ro H — coth(ro + ct) cothro 

c c 
c 

> rQ — - cotn To 
c 



□ 



3.4. Remark. Looking at [4, Thm. 2.5.19] and [4, Thm. 2.6.1], under the 
assumptions of Theorem 1.2 we obtain short time existence of the flow on a 
maximal interval [0, T*), < T* < oo, and 

(3.13) X e C°°([0,r*) X M,H"+i). 

This includes, that all the leaves M{t) — x{t,AI), < t < T* , are admiss- 
able in the sense of Definition 1.1 and can be written as graphs over S". 
Furthermore the flow x exists as long as the scalar flow 

(3.14) u = — = 
does, where 

(3.15) w: [0,r*) x§"^M, 

also compare [4, Thm. 2.5.17] and [4, p. 98-99]. Thus, for the rest of the next 
chapters we will most of the time investigate long time existence for (3.14). 

3.5. Lemma. The solution u of (3.14) satisfies 

(3.16) e(t,infw(0,-)) < u(t,a;) < e(i,supw(0, •)) Vi G [0, T*) Vx G S". 
In particular we have 

(3.17) oscu{t, •) — supu(t, •) — inf u(t, •) < coscm(0, •), 
c — c{n,p, inf m(0, •)). 

Proof. Let 

(3.18) w[t) = fin\)u{t,-) — u{t,xt). 

By [4, Lemma 6.3.2], w is Lipschitz continuous and at a point of differentia- 
bility we have 

. , . du 1 

-(^)-at(^'^*) = FP(-5-"..4-^;-) 

(3.19) < ^ 



FP(/ij) 

= T-^ — = Ciw) 

nPcoth^'w; ^ ' 

On the other hand 

(3.20) e(-,supu(0, •)) = £(e(-,supw(0, •))) 
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as well as 

(3.21) w(0) = e(0,supu(0, •)), 

from which the upper estimate follows by integration and Gronwall's lemma 
applied to w — &. The estimate from below follows identically. □ 

3.6. Corollary. Define 

(3.22) i}{r)=smhr 

and let u be the solution of (3.14). Then there exists c = c{n,p, Mq), such 
that 

(3.23) < < d{u)e-^ < c € [0,T*). 
and 

(3.24) - 1 = cothu - 1 < ce'^K 
n 

Proof. We deduce 

(3.25) < 1 e(t,supn(o,.))-^ 

- 2 

< c{supu(Q,-),n,p), 

by Corollary 3.3, as well as 

_ 1 ^ge(t,inf «(0,-))- _ ge(tjnf «(0,-))-:s^T-2©(*.inf "(0:-))^ 



(3.26) 



Furthermore 



> Ig-c ( I _ g-2e(t.inf«(0,-)) 

> c> 



cosh u — sinh u e " 
coth ii — 1 = - 



i5(u) t?(u) 
(3.27) ^{u)e-^ 

^-e{t,ini u(0,-))+ ^ 
< — 



< ce "P*. 



□ 
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C^-estimates. 

3.7. Lemma. Let u be the short time solution of (3.14) in case p > 1. Then 
for the quantity 

(3.28) w = y'l + g'^u.uj = + \Du\^ 
there exists c = c{n,p, Mg), such that 

(3.29) v<c yte[0,T*). 
Furthermore c depends on p continuously. 

Proof. In case p > 1 the leaves M(t) are convex. Thus, [4, Thm. 2.7.10], 
especially estimate (2.7.83) 

(3.30) ^ < gR(supu-inf«) 

is applicable. Note that in this estimate, an upper bound for the principle 
curvatures of {x'^ = const} is uniformly given by some R, = K(inf u(0, •)). 
Thus we obtain the claim in view of Lemma 3.5. □ 

In case p < 1 we do not assume convexity. We use the maximum principle 
to estimate v. 

We follow the method in [5] . 

3.8. Remark. Defining 

(3.31) (f^ i)-^ 

J ro 

and having (2.21) in mind, we obtain 

(3.32) h) = g'^^hk, = v~H-\-{a''' - z;-VV')¥'j-fc + ^-Jj), 

where covariant differentiation and index raising happens with respect to Uij , 
cf. [5, (3.26)]. We obtain 

(3.33) w — v u— , „ - , = ^— . 

^ ' ^ FP{^h]) FP{h)) 

There holds 

(3.34) gij = UiUj + d'^aij = ■d'^^ipitpj + atj) = 'd'^gij. 
Defining 

(3.35) hij = ffifc/ij , 

we see that in (3.33) we are considering the eigenvalues of hij with respect 
to cjij and thus we define 

dF dF 

(3.36) F'^ = ^ and F' ^ 

dh,j ' dhi 

We have 

(3.37) = -g.kh'; = ^-^g^kl}h'; - tr^h,,, 
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hence hij is symmetric. Furthermore note 

(3.38) iDup = C^'V^'^5i = \Dip\^, 
as weU as 

(3.39) h[ = -v-'g'^^jk + v-'dSl 

3.9. Lemma. The various quantities and tensors in (3.33) satisfy 

(3.40) {i9P-'), = {p-l)r-'^ip,, 

(3.41) V, = y-'^ipkrV^, 

(3.42) = 'iv-^v,^'^^ ~ v-\^=\^f + ^VD 
and 

(3.43) h\.^ = v-^v.i-g'-'^rk - ^94) " v-\g'\^^^rk + tVrM - 

where {g^^) — {gri)~^ and the covariant derivatives as well as index raising 
are performed with respect to aij. 

Proof. This is a straightforward computation in any of the cases. Just have 
in mind that d = d{u), such that = -bui = i)dipi. □ 

3.10. Lemma. Let u be the solution of (3.14) in case p < 1. Then 

(3.44) ?; < supu(0, •)• 

Proof. From Remark 3.8 we see, that it suffices to bound l-Dy^P- Differentiate 

(3.45) = $ = $(F(/if)), 
with respect to ip'^Di. From Lemma 3.9 we find, setting 

(3.46) w = ^\D^\^ ^ ^^kf', 

(3.47) w = ip^ip' = -vd'P-^^Ffhi..^ip' - ^§'P-^v,ip' - {p^l)<^vdP~^§\DLp\'^. 
Fix < T < T* and suppose 

(3.48) sup w ^ w{tQ,xo) > 

[0,T]xS" 
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then at this point we have 



2(p - l)F-Pvd'P-^dw - 2^dP+^F^^guw 



(3.49) 



+ ^P-'^F'''^^rk^V'' 

= {2{p-l)F~Pv^P~^'d - 2^dP+^F''^gki)w 

= {2{p - VjF-PvdP-^d - 2^dP+^F^^gki)w 
+ §P-^i^F^'^{^k^,-\D^\-'akr) 

^P-^^F^-'Wrk - dP-^^F^'-'ip.ripl 

< 0. 

Hence the estimate (3.44) is vahd, since T is arbitrary. □ 
Curvature estimates and long time existence. 

3.11. Proposition. Let a; be a solution of the curvature flow (1.4), < p < 
oo. Then the curvature function is bounded from above and below, i.e. there 
exists c = c(n,p, A/q), such that 

(3.50) < < F{t, < c < oo V(t, e [0, T*) x M. 
Proof. The proof proceeds similarly to the one in [5, Lemma 4.1]. 

Define 

(3.51) x^vTjiu)- 



sinhw 
and note 

(3.52) V^--V, 

n 

where rj ^ ri[r) and H is the mean curvature of 5*^. Then x satisfies 

(3.53) X - ^F'^x^3 = -^F^'h^kh^x " 2x-'^F''x^XJ + i^F + $)^«x, 
cf. [3, Lemma 5.8]. $, and also — $, satisfy 

(3.54) $' - ^F'^^.j = ^F''h,kh)<^ + KN^F^^gij<i>, 

where ' denotes the time derivative of the evolution and $ = ^$(r), cf. [4, 
Lemma 2.3.4]. Note that we have Kp^ — —1. The function u satisfies 

(3.55) ii ~ ^F'^u^j = ($F - $)i;^i - 
where u is a total derivative, cf. [4, Lemma 3.3.2]. 

(i) We first prove F > c> 0. Set 

(3.56) X = Xe^- 
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Then there exists c — c{n,p, Mq), such that 

(3.57) < < < c < oo V(i, e [0, T*) x M, 
where we used CoroUary 3.6 and v < c. Set 

(3.58) w; = log(-$) + logx, 
fix < T < T* and suppose 

(3.59) sup w = w{to,^o) > 0. 

[0,T]xM 

Then in (to, Co) there holds 

(3.60) 

and 

(3.61) 0<w- ^F'-'w,^ = -<l>F'^g,j + {^F + $)— u 



7lP 



Thus 
(3.62) 



< -pF'^g^, + (p- l)F—v + n-PFP+'^ 

n 

< -pn +{p- l)F—v + n-PFP+K 
n 



Moreover 

(3.63) = rtcothu < ninf cothu(0, •), 
so that 

(3.64) < 



-pn + n-PFP+^, 0<p<l 
-pn+{p-l)Mcothu{0,-)Fv + n-PFP+'^, p>l. 



Without loss of generality suppose w(to,Co) is so large, that F(tojCo) < 1- 
Then 



I pp+i n, < p < 1 



(3.65) F{to,^o) > _ 

(p— l)cv ' 

c — c{Mq). Hence, at a point, where w attains a maximum, we have F > c 
c{n,p, Mq). Thus 

(3.66) w < w{to,io) < log (^^^ +c=c{n,p,Mo) 
and 

(3.67) ^ = e^x-' <cin,p,Mo). 
Thus, F is uniformly bounded below in [0,T*). 

(ii) We prove F < c. 
Define 

(3.68) u = u-A. 

nP 
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Then, by Corollary 3.3 and Lemma 3.5 we have 

(3.69) u> c. 
Set 

(3.70) u; = - log(-$) + u. 

Then, in a maximal point (to, ^o) G (0, T] x M, < T < T*, of w we have 
0<w- ^F'^w, 



-^F^'h.kh'; + 4>F'^5„ - $F^^(log(-$)),(log(-$)), 

^^■'^^^ = -i^F'^Kkh] + ^F'^{uiUj + - cothuffy ) 

- + ($F - - — 

<(p + l)F-Pv-' 

nP 

where we used cothu > 1 and = in (to, Co)- Then 

(3.72) F(io,eo) <c(n,p,Mo), 
leading to 

(3.73) w<c(n,p,Mo) 
and finally 

(3.74) FP < e^e-'' < c{n,p, Mo). 



□ 



3.12. Proposition. The leaves M{t) of (1.4) have uniformly bounded prin- 
cipal curvatures, i.e. there exists c = c{n^p, Mq), such that 

(3.75) n,{t,0<c V(t,OG [0,r*)xA/. 

Thus the principal curvatures stay in a compact set K = K{n,p, Mq) C F, 
in view of Proposition 3.11. 

Proof. Basically, the proof of the corresponding lemma in [5, Lemma 4.4], 
applies in our case with slight modifications. 

Since ]HI"+^ has constant curvature Kn = — 1, we have 

hi ~ = ^F'^^hrkhjh' + ($ - ^F)h^'hk, + ^F,F^ 

(3.76) ' . „ ■ . . ,, 

+ ^F'^'-'-'hki.jhrs ' - ($ + ^F)5] + ^F'^'guh). 

Let X = X^"^ ■ Setting 

(3.77) X = X-\ 
we find a constant 9 > 0, such that 

(3.78) 20 < x(t,0 V(t,e) e [0,T*) X M. 
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Define the functions 

(3.79) C = sMKjTl'v' ■■ Wvf - 9^lVW = 1}, 

(3.80) </) = -log(x-0) 
and 

(3.81) w = logC + + Au, 

where u = u %, and A is to be chosen later. We wish to bound w from 

above. Thus, suppose w attains a maximal value at (to:Co) S (0,^r] x M, 
T < T* . Choose Riemannian normal coordinates in (to:Co)i such that in this 
point we have 

(3.82) g^j = Sij A hij = KiS.j A ki <...<«„. 

Since C is only continuous in general, we need to find a differentiable version 
instead. Set 

(3.83) C=^, 

where = (77*) = (0, . . . , 0, 1). 

At (to, '?o) we have 

(3.84) /i„„ = /i;^ = = C = C 
and in a neighborhood of (to,$o) there holds 

(3.85) C < C 
Using /i" = hnkg''", we find that at (to, Co) 

(3.86) C - hn 

and the spatial derivatives also coincide, cf. [5, p. 13]. Replacing w hy w = 
logC + (j> + Xu, we see that w attains a maximal value at (to, Co), where C, 
satisfies the same differential equation in this point as h^. Thus, without loss 
of generality, we may pretend /i" to be a scalar and w to be given by 

(3.87) w = log /i^^ + (/) + Au. 
Since 

(3.88) i - <^>F'^x^, = -rHx - ^F''X^J) - 2x-''^F''x^XJ, 



we find 



(3.89) 



(x - 0)^ 

^F'^i\og{x-e)U\og{x-9))j. 



ix - 0)-i(-<i>^^*^/i.fe/i,^x + i^F + ^)-vx + ^x) 
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Thus, m (to,^o) we infer 

< w - ^F'^w.j 
= ^F'^'hkrK + ($ - ^F)hl + ^FnF'^ihl)-^ 

(3.90) _ ^p^^h^^h"^^^ + {^^F + ^)-v^^ + 



- 4>f^^^(log(x - ^)).(log(x - 0)), + ^F^^i\ogKU\ogK),. 
In the present coordinate system we have 

T^kk _ T^ll o ^' 

(3.91) F'^'^^'^rjuVrs <Y1 i^ki f < ^(F""-f'^")(?7«fc)' 

for all symmetric tensors {r^u) and 

(3.92) F""<...<F", 

cf. [5, (4.28), (4.29)] and the references therein. Using those inequalities, 
$ < as well as 

(3.93) (log/i;^), = -0,-Au, 
in (ioifo): we obtain from (3.90) 

< -^F'^h,kh';J^ + ($ - ^F)hll - ($ + ^F){hl)-' + ^F'^'gu 

s H Y 1 y 
+ ($F + $)—«- ^ ■ ^ 



n X — nP X ^ 
X_ 
nP 

2\^F'^(l),uj + X^^F'^u.Uj 



(3.94) _^ x{^F ~ $)w^i - A$F^^/i,j 



2 

$^(F"" - ^^-)(/i„.")2(/^;^)-i. 

■i— 1 



There holds 

F'^hj = cothM > F'^Sij = F'^ gij - F'^u,Uj 

where cq = c(n,p, A/q), and 

(3.96) hjii-ji — ^nn;ij 



in view of the Codazzi equation. We now estimate (3.94). 
We distinguish two cases. 

Case 1: Ki < — eiK„,0 < ei < 1. 
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Then 

(3.97) F'^hk^h''J > -F'^g^jcWn, 

cf. [5, p. 14, (4.47)]. Furthermore, by [3, (5.29)], we have 

H H 

(3.98) Vi = —v^h'Huk + V — Ui — {—v^Ki + v — )ui 

n n 

and thus 

(3.99) \\Dv\\ < c\Kn\\\Du\\ + c\\Du\\,c ^ c{n,p, Mo) 
so that 

(3.100) IID^II < c\\Dv\\ + c\\Du\\ < c|K„|||i:iu|| + c\\Du\\. 
Hence (3.94) can be estimated: 

< ^F'^g,j(^~ + 1 - A5o + 2\c\\Duf{K,, + 1) 

(3.101) ' 

- ($ + k>F)K-^ + ($F + $)-«^^ + 

+ A($F- $)w"^ 

The last two hues are uniformly bounded by some c = c{n,p, Mq) and the 
first line converges to —oo, if k„ — )■ oo, where we use ^F^^gij > c > and 
the boundedness of all the other coefficients. We conclude, that in this case 
any choice of A yields 

(3.102) K„ < c(n,p,Mo). 

Case 2: ki > — eiK„. 
Then 

2 " 

<i>^(F'- -F")(/i„,")2(/i»)-i 

/^l 

(3.103) 

< - Fn{\ogh-)l 
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SO that 



2 

2 — 1 

2 ^ A „„ 1-ei i 



2 " 1 - f " 

< 'i>^F""(log/i:),2 - — ^ci>F""^(log/.:j) 



j=i i=l 
= $F""||i:></> + ADujp 

= + a2||Du||2 -(-2A(D(/),Du)), 

where we used gij = Sij. We now choose A = X(n,p, Mq), such that 

(3.105) A > Cq\ 
Estimating (3.90) again yields 

+ ($- $F)k„ + ($F + $)—!;— ^ + — 

(3.106) ^ 7"Tv ^nx-6' "^X-6' 

-HA($F-$)w"1 - — 

+ $i^"»(A2||Du||2 + 2A||D<j!)||||L'w||), 

implying 

(3.107) K„{to,^o) <c{n,p,Mo). 

Thus, w and ^ as well, are bounded from above, implying the claim. □ 

3.13. Theorem. Under the hypothesis of Theorem 1.2 we have 

(3.108) T*=oo. 

Proof. Following [4, 2.6.2], all we have to show is that we have a uniform 
C^{S^) estimate on finite intervals, since we have already shown the uniform 
ellipticity on such intervals. There holds 



(3.109) h) - +«-i-<5;, 

where g^'' = cr''' — v^'^ip^ip''. We have 

(3.110) ipj = i)~^Uj 
and 

(3.111) ipjk = --■&~'^-&u-jUk + -d'^Ujk, 
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where covariant derivatives are taken with respect to Uij. Thus 

(3.112) ' vd ^ 

where = a^^Uk. Since w < c, and cjik generate equivalent norms. All 
the other tensors are bounded in finite time and thus 

(3.113) |?/|2,s" <c = c{n,p,Mo,T*). 

Then, using Krylov-Safonov, [4, Thm. 2.5.9] and Remark 3.4 we conclude 
the result. □ 

4. Decay estimates in and 
Decay of the C^-norm. 

4.1. Theorem. Under the hypotheses of Theorem 1.2, for all < p < 1 there 
exist constants < A and < c depending on n,p and Mq, such that 

(4.1) v-l< ce~^* Vi e [0,oo). 

In case p > \ there exist constants < e, A,c, depending on n,p and Mq, 
such that 

(4.2) oscm(0, •)<e^ u - 1 < ce"^* Vte[0,cx)). 
Proof. Considering the equation for v, cf. [3, (5.28)] and, using 

(4.3) ^ = 1-^, 
we obtain 

ij 

n 



i) - ^F'^v^j = -^F'^hikh^v - 2v-^^F'^v,Vj + 2^F'^v,Uj- 



TT TT 

— {v^ - 1)(<I> - $F) + 2$F — 
n n 



(4.4) = -^F'Hh.kh] - 2% + g,,)v - 2v-^^F'^v,v, 



2^F'^v,u,- - ^F'^g,, — - 1 U 

/ fr2 \ fj 

^F'^UiUj — - 1 U + — (i;2 - 1)$ 



n 

F{ F[ 

2$Fw + i^F—v^ 

n n 



Let A > and set 

(4.5) w = iv~l)e^K 
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Fix T > and suppose 

(4.6) sup w = w{to,^o), to > 1. 

[0,T]xM 

Then at this point 

\ n'^ J n n 

+ 2$F - 1^ ve^* + Xw 

(4.7) = ^F'^UiUj - 1^ ue^* + 2$F - 1^ we^* 

— F-P(p{v ^l)-{v + 1)) + A I w. 
n J 

< ce(^-^)* + (^:^^^-P(p(t; -!)-(?; + 1)) + w, 

where the last estimate foUows from the estimates of the curvature function, 
the principal curvatures and Corollary 3.6. The constant in this inequality 
depends on n,p and Mq. 

Consider p > 1. In view of (3.30) we deduce 

(4.8) v<e''°''''', 

where k is an upper bound for the curvatures of the slices, which in our case 
converge to 1, as t — >■ oo. Choosing /3 > 0, such that 

(4.9) /3<^\og^ Vte [0,c^), 
there exists e > 0, such that 

(4.10) oscw(0, •) < e sup oscu{t, ■) < (3, 

te[o,oo) 

due to the estimates (3.5) and (3.16) and we conclude further 

(4.11) V < e-^^ < yt G [0, oo). 
Using 

(4.12) 0<c^^ <F<c, c^c{n,p,Mo) 
and 

(4.13) - > 1, 

n 

we obtain from (4.7) 

(4.14) < ce^^-^^'> + c((p - l)v -{p+l) + \)w. 

In this inequality the coefficient of the linear term is strictly negative in view 
of the previous considerations, if A(n,p, Afp) is small, while the first term 
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converges to 0, which leads to a contradiction, if to is sufficiently large. Thus 
IV is bounded, completing the proof. 

□ 

Curvature cisymptotics. 

4.2. Lemma. Let / G C°'"'^(M+) and let D be the set of points of differen- 
tiability of /. Suppose that for all e > there exist > and 6^ > 0, such 
that 

(4.15) {t€Dn [Te, oo) : f{t) > e} C {t € D n [T„ oo) : f'{t) < -S,}. 
Then there holds 

(4.16) limsup/(t) < 0. 
Proof. Suppose first, that 

(4.17) liminf /(i) > 2e > 0. 

t—>oo 

Then there exists T > 0, such that 

(4.18) f{t) > e Vi > T 

and hence, there exists T^>T and 5^ > 0, such that 

(4.19) f'{t) <-6e ytGDn [T„ oo) 
and we infer for all t>T^ 

(4.20) fit) < /(T,) + £ (-6,) = /(T,) - 5,{t - Te) ^ -oo, 
as t ^ 00, which is a contradiction. 

Now suppose that 

(4.21) liminf /(i) < A limsup/(i) > 2e > 0. 
Then there exist {tk)keN and {sk)keN, such that 

tk < Sk, 

tfe — )• oo, fc — )• oo, 
- < f(tk) < e, 

(4.22) 2-^^'''- ' 

3 

/(sfe) > 
/|[tfe>sfc) — 2' 

Since D C M+ is dense and / continuous, we may suppose that tk,Sk € D. 

Choose > and 5± > 0, such that 

(4.23) f{t)>^^f'{t)<-5i yt€Dn[T.,oo). 
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We conclude 

(4.24) f{sk)- f{tk)<- r 5'^^-5i{sk~tk) ytk,Sk>T., 

Jfk 

hence 

(4.25) /(sfc) < /(t,), 

which is a contradiction. □ 

4.3. Lemma. Under the hypotheses of Theorem 1.2 the principal curvatures 
of the flow hypersurfaces converge to 1, 

(4.26) sup|Ki(t, •) - 1| ^ 0, < ^ oo, yi<i<n. 

M 

Proof, (i) As in the proof of Proposition 3.12 we consider the function 

(4.27) C = sup{h.,rjW ■■ = 9^JVW = !}• 
Set 

(4.28) w = (logC + logx + u-log2)i, 
where 

, , , _ _L w _t_ _ t 

(4.29) X = Xe"" = — 6"" , u = u . 

smh u nP 

Fix < r < cxD and suppose 

(4.30) sup w = w(io,Co), > 0. 

[0,T]xM 

As in the proof of Proposition 3.12, we choose coordinates such that in (to, ^o) 
there holds gij = 5ij, hij = KiSij and 

(4.31) w = (log h^;^ + log X + u - log 2)t. 
First note, that 

(log X + M - log 2)t = ( logw - log(sinhw) + -'^ + u - ^ - log2 ) t 

•^■^■^^^ = (^log w - log ^ (e" - e"") + M - log 2^ t 

= (logu - log(e" - e"") + u)t 
is bounded. To prove this claim, note that 

(4.33) tlogv = log(l + «- 1)* < log(l + ce"^*)*, 
which follows from Theorem 4.1. Furthermore 

(4.34) e"'"-'^°sie--e-)) ^ ( ^ _ e-2'')-* < (i _ e^^-^)"*, 

y e" — e " / 

following from Corollary 3.3 and Lemma 3.5. But for large t we have 

(4.35) e-^* < ^ 
and thus 

(4.36) (1 + ce"^*)* < (1 + ^)* < const. 
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The term 

(4.37) t{u - log(e" - e"")) 

is bounded for the same reason. Using the equations for h^, x &n.d u, cf. 
Proposition 3.12, we obtain 

+ ^F'^'^^'hM.nhrsriKr^ - (<f + ^F){Kr^ 

+ ^F'''gui + ^F^\\ogK)k{\ogK)i 

- $^^^'(logx)fe(logx)i + {^F + ^)-v 

n 



+ {<PF - - ^F'^h.jYo 

(4.38) +(log/i;^ +logx + u-log2) 

< $ [hi - {K)-^ - + ^v^ to 

+ ^F[^v + v-'-{hl + iKJ-')yo 

+ ^F^'guil - cothu)io + ^F'^^UkUitn 

+ $F'='((log/i::)fc(log;i:^), - (logx)fc(logx)/)io 

+ log hl + logx + u- log 2. 

At {to, ^o) we have 

(4.39) (log/i;i)fc = -(logx)fc-Ufc 
and thus 

< * [hi - (hi)-' - + to 

^'■'"^ +^F[^v + v-^-ihl + iKr'))to 

+ log hl + \ogx + u- log 2 + 2^F'''ukUito + 2$^'=' (log x)kUito 

We have 

. Xfc sinh u Wfc sinh u - i;itfe cosh M 

(4.41 logXfe = — = rv2 

X smh u 

since 

(4.42) = + Ufc, 

n 

the principal curvatures are bounded by Proposition 3.12 and jDiip — !■ by 
Theorem 4.1. In view of 

(4.43) x + x-^ >2 Vx > 
and by Theorem 4.1 we have in (to:Co) • 

(4.44) o<^hl-ihl)-')to+c 
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for some c = c{n,p, Mq), which imphes 

(4.45) hl-{hl)-'<—. 

Thus we find 

^^^g^ w<to\og[l + —j +io(logx + w-log2) 

< c = c{n,p,Mo). 
Hence w is a priori bounded and thus 

(4.47) Hnisupsup«;i(i, •) < 1 VI < i < n. 

t^cc M 

(ii) Now we investigate the function 

(4.48) z = log(-$) + log X + u - log 2 - log \ 
and show that 

(4.49) limsupsup2;(t, •) < 0. 

t—>oo M 

The Lipschitz function 

(4.50) z=swpz{-,^) 

satisfies for almost every t>0 

I < $F'='((log(-$))fe(log(-$)), - (logx)fc(logx)0 



(4.51) 



+ ^[—v- v-A + 4 (f—v - F'^^hki 
n I \ n 



+ ^Fv-^ - F^^gu) 



< 0(1) + $ i^F^v + Fv-^ - 2F"fffej^ . 

Claim: Ve > 3T > 3,5 > : 

= {t G [T, oo) r\D: S{t) > e} C {t e [T,oo) H D : k{t) < 
where D is the set of points of differentiability of z. 

To prove this claim, let e > and choose T > such that 

(4.52) log X + -a - log 2 < ^ y{t, e [T, oo) x m. 
Then for t G we have 

(4.53) (^iog(-$)-log^)(t,6)>|, 

where z{t) = z{t,^t)- Thus there exists < 7 = 7(e), such that 

(4.54) F(i,6)<n-7, 
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implying 

(4.55) F—v + Fv-^ - 2F^^gki < Hv - n vj. 

n n 

One may enlarge T, such that 

(4.56) |o(l) + ^{Hv -n)\< i"'^^ v(t, £ [T, oo) x M. 
Thus 

(4.57) z(i) < -(inf $)| =: -(5. 

Now it follows from Lemma 4.2, that 

(4.58) limsup5(t) < 0. 

t—>-oo 

Thus 

limsupsuplog(— <f>) — log — = limsupsup(z — logx — u + log 2) 

(4.59) < lijn sup z + lim sup sup(— log x~ u + log 2) 

t— i-OO t— >-CXD M 

<o, 

implying 



(4.60) 



This leads to 



— > lim sup sup -— = limsup(inf F^) ^ 

nP - t^oo M FP t^oo^ M ' 

^ (liminfinf FP)-\ 

t-i-oo M 



(4.61) liminfinfFP > 

t->-oo M 

Together with (i) we obtain 

(4.62) sup|F - n| ^ 0. 

M 

Now suppose there was a sequence {tk,^k) such that for the smallest eigen- 
value we had 

(4.63) >ii{h,^k)^S<l. 
Then 



limsup_F(Ki, . . . , Kn) — ri = lim sup — — (kk)iK^ — 1) 

(4.64) fc^oo fe-i-oo .^-^ OKi 

< lim sup (J - 1) < 0, 

A;— >oo 

which is a contradiction. □ 
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Optimal rates of convergence. We now derive the optimal speed of con- 
vergence of the second fundamental form to (5* , which, of course, can not be 
better than what we expect from the spherical flow, i.e. 



■5,,| = |cothe-l||(5} 

cosh O — sinh Q 

< c 



(4.65) 



sinh 8 

-e 



< c- 



4.4. Theorem. The principal curvatures of the flow hypersurfaces of (1.4) 
converge to 1 exponentially fast. There exists c = c{n,p, Mq), such that 

(4.66) \h) - 6)\ < ce-^* V(t,e) G [0,oo) x M. 

Proof. Also compare [1, Thm. 5.1], where the author uses the same function 
G. 

(i) Define 

(4.67) G^hh) - <5ipe^* = ^i^ - S^iH ~ 5l)e^\\ > 0. 



Then 



(4.68) 



G - $F'='G., - 



((A; - ^F'^^^.MM Si) - ^F^'h%^h^^.^e^' + AG 



= UF^'hkrh\h){hl ~ Si) + ($ - ^F)h'''hk,{hl ~ Si) 



+ <^FjF\hl -5l) + ^F^'-'-'hku^hrs^iK - 51) 
- (CO + ^F)S]{y^ - Sj) + ^F'^'g.ihUhl - Si) 



Fix < r < oo and suppose 



At 



AG. 



(4.69) 



Since \hl 



sup G = G(to,Co) >0, to>0. 

[0,T]xM 

0, Lemma 4.3, we may suppose that Iq is so large, that bad 



terms involving derivatives of the second fundamental form can be absorbed 



by the term — <i?F'^'/i^-.j./i:^.j. There holds 



(4.70) 



hlh^ = {hi - Sl){h'^ -5^) + 2{h) ~S^ + S]. 
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Thus there exists To — To{n,p, Mq), such that for to > Tq we have 

< [-^>F''hkrh^h){hi - 6i) + ($ - ^F){hl ~ 6l){h'; S^){lv> - 6i) 
+ 2(<i> - ^F){h] - S}){Ii - Si) + ($ - <l>F)S]{hi - Si) 

- ($ + ^F)S}{hi - Si) + ^F'^'gumhl - Si))e^'° + AG 

(4.71) , . . ^ 
= i^^F'^'ikkrhl - 2hki+gki)h]{hi - Si) 

+ {>f-^F){h},-Sl){h)-S^^){hl-Si) 

+ 2$(/i}-<5;-)(/i^-<5^))e^*«+AG. 

In (to, Co) choose coordinates, such that 

(4.72) gij = Sij, hij = KiSij, ki < • • • < 



Then 



0< 1)2^ 1) 



+ ($ - $F) ^(k, - 1)3 j e^*« + (4$ + A)G 
(4.73) »=i 



< (-4T-P + A + 2$^|kj||kj - 1| F™" 



J — 1 m— 1 



+ 2|$ - $F| max - 1| G. 

l<j<n / 

Enlarging To, we obtain a contradiction, if A > is small. 

(ii) By Proposition 3.12 we know that $ — $(T(Ki)) is uniformly Lipschitz 
continuous with respect to (k^) during the flow. Thus 

4 A 

(4.74) \-4F-P + — I < cmax|K, - 1| < ce^^*. 
Now define 

(4.75) G^svipl\h]~S)\^e^'. 

M 2 

Then for t > T, cf. (i), we obtain from (4.73) 

. n n 

G < ( - AF-P +-+ 2^J2\^,\\k, F™" 

j — 1 m—l 

^^■^^^ +2|$-<i>F| max|^,-l|)G 

l<j<n J 

< ce^ c{n,p,Mo), \ ^ X{n,p,Mo). 

Thus 

(4.77) G<c{n,p,Mo), 
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which implies the claim. □ 
4.5. Theorem. In both cases of Theorem 4.1 the conclusions hold with A = 

_2_ 
nP • 

Proof. We come back to the proof of Lemma 3.10 and define 
(4.78) w = sup l-\Dip{-,x)\^ = w{t,xt). 

Using the same calculation as in (3.49), we obtain 

^^■"^^^ < {2p{F"PvdP-^'d - F-'-P+^^^P+^F'^^gki) - 2F-Pv^p)w, 

where F ^ F(/ij) ^ Fi^h)). 
We have 

(4.80) |ui?-i9| < \v^-^\ -t- l^j-z^l < c^e-^* + e-^, 
and thus 

(4.81) w < {2pF-P{v{} - 'd)'d-^ + 2p{F-P ~ F-^P+^^n) - 2F~p)w, 
where now F — F{hj). Since 

(4.82) \F -n\<ce-i\ 
we obtain 

(4.83) w < (^ce~^* ~ ^ 
which implies 

(4.84) w < ce~^*. 



□ 

4.6. Theorem. For the function ip in Remark 3.8 there exists c = c{n,p, Mq), 
such that 

(4.85) \D^ip\<ce-^, 

where the derivatives as well as the norm are taken with respect to tTy . 
Proof. (3.32) implies 

(4.86) ifi) = a^Vfcj- = f " WVfej- + ^ " vm]. 
In view of Theorem 4.4 and Theorem 4.5 we deduce 

(4.87) =e-" <ce-^fj^ 
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and, using (3.23), we obtain 

i^vi < i«'WVfeji + \^ - vm^\ 

(4.88) t 

< c\Dip\^\D^ip\+ce-^ 

where c, c depend on n,p and AIq. Choosing T — T{n,p, Mq) such that 

(4.89) ce-^* <^ \/t>T. 

we obtain the claim. □ 

5. Estimates of higher order 

We first need a definition to simplify the notation, compare [5, Def. 6.6], and 
the remark afterwards. 

5.1. Definition. (1) For tensors S and T, the symbol S-kT denotes an ar- 
bitrary linear combination of contractions of 5' (8) T. We do not distinguish 
between S-kT and cS -kT, c = c{n, p, Mq) ■ 

(2) For e e M, the symbol denotes an arbitrary tensor, which can be 
estimated like 

(5.1) \0'\<c,e^,Ce = c{n,p,Mo,e), 
where the norm is taken with respect to the spherical metric. 

(3) For a tensor T, the symbol D'^T denotes an arbitrary covariant derivative 
of order k with respect to the spherical metric. 

(4) If a derivative of order m is expressed as an algebraic combination of terms 
involving C, then the corresponding constants may additionally depend on 

TO. 

Until now we have shown, that the function 

(5.2) ^= r^-i 

J ro 

satisfies the scalar parabolic equation 

(5.3) ^ = ^ = on [0, oo) X 

where F = F{h'j) ~ F{'dh'j). Furthermore, we have proven the estimates 

(5.4) Dip = Q-^ 
and 

(5.5) 7?V = C"^- 



NON-SCALE-INVARIANT ICF IN HYPERBOLIC SPACE 



29 



On the following pages we prove analogous estimates for higher derivatives 
of ip by differentiating (3.33). We prepare the final result by examining all of 
the terms separately first. In the sequel, we suppose m > 3. 

5.2. Lemma. For functions g, /* : M ^ M on a manifold the following gen- 
eralizations of the product- and chain rule hold for higher derivatives. 

Cfc \ k 
1=1 / ji + ...+jk=m i=l 

(5.7) D-ifog)= fcrL^'''''^^''^(-'^)n^''-'^'" 

ki-\-...-\-mkTn—m i—1 

Proof. For m = 1 this is the ordinary product rule. If the claim holds for 
m > 1, we find 

j^rn+l (y[A= D"' I J2 n 

(5.8) = E c^.kf[D''+^^r 

jl+---+jk=i li + ...+lk=m 1=1 

E c„,,kf[D^^+^^f, 

Ul+ll) + ---Uk+lk)=rn+l i=l 

as desired. 

The generalized chain rule is known as formula of Faa di Bruno, cf. [8, p. 17, 
Thm. 1.3.2]. □ 

Let us remark, that the cited version of the generalized chain rule is the one, 
which holds for functions depending on one variable. Although our functions 
depend on n variables, all that matters is the order of the multiindex in most 
of the cases, so that such a formal version is all we need. 

5.3. Lemma. Let (p be the solution of (3.33) and suppose, that there exists 
< 7 < 1, such that 

(5.9) D'^ifi^O-^ yi<k<m-l, 
then 

(5.10) ZJ'^w = VI < A: < m - 2, 



(5.11) vn-j^-r = O-^^ + «-Vfe,....,™_,/, 
and 

(5.12) v,,...,,^ =0-^'> + 0-'>i.D"'ip + V-^ipk^,...^^ip''. 
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Proof. For k = 1 we have 

(5.13) V,,=V-'^a^,^'' =0-^\ 

Suppose the first claim to hold for 1 < j < / < m — 3. Then 

(5.14) D'+\^ ^ I?^(t;-i)*7^'-(^,,,(p'')=0-2^, 

s-\-r—l 

since 

(5.15) D'^iv-^) = 0-27 yi<s<i 
and 

(5.16) D'■{^a^^^'')=O-^'^y0<r<l, 
by Lemma 5.2. To prove (5.11) we infcr from (5.13) 

(5.17) , „ 

where we used (5.10) to estimate D"'-^'^(v^^). Finally, we deduce 

Vii...i„, = ('^aiiV"«~^);i2...»™ 

(5.18) = + D"'ip ★ Diifi^v-^) + D'^if * + 

where we used (5.10) and (5.11). □ 

5.4. Lemma. Let ip be the solution of (3.33) and suppose, that there exists 
< 7 < 1, such that 

(5.19) D^ip = 0-'< yi<k<m-l, 
then 

(5.20) D^u^O^^^-''^ \/l<k<m-l. 
Proof. 

(5.21) DLp = d-^Du^ Du = i)Dip, 

where d ~ §{u). Thus the claim holds for /c = 1 in view of Corollary 3.6. 
Suppose the claim to hold for 1 < Z < m — 2. Then 

(5.22) D^+^u^D\dDip)^ ^ 1)^(1?) ★^'^(^(p) = C't'+i)^!-''', 

r-\-s—l 

since D''{Dip) = Q-'^ VO < r < ? and 

(5.23) D^d= J2 c,z?(5:j.,fe.)(y)J^('^y' =o^(i-7)+i, 
since D'u = 0^(1-7) VI < i < s and 

a odd 

□ 



(5.24) = «^-^^^=oi. 
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5.5. Lemma. Let Lp be the solution of (3.33) and suppose, that there exists 
< 7 < 1, such that 

(5.25) D^if = O-"' VI < fc < TO - 1, 
then 

(5.26) = (p - l)dP-^d^,„„,^ + oP-i+-(i-7) 
and 

(5.27) /)fc(,5P-i) = 0P-i+fc(i-7) VO<fc<TO-l. 
Proof. For the real function f{x) — xP~^ and g ~ f o d there holds 

(5.28) y: c./(^--'='H^)ri(^)''-o^-\ 

kx + ...+sks = s i=l ^ ■ ' 

since 

a 

(5.29) /(-^^ (i9) = ~ = QP-i-a^ 
a = J2i=i and 

(5.30) n -r) 

i=l ^ ' ' 

Thus, (5.27) follows from the the di Bruno formula again, (5.7), applied to 
g o u, and by Lemma 5.4. Note that (5.27) also holds for instead of i?, 
because they share the same growth behavior and there holds i} = i}. 

In order to prove (5.26), observe that 

(5.31) (7?P-i),, ==(p-l)^7?P-V^i 
and 

^ ' ' s+r— m— 1 

s>l 

= (p- l)l?P"l7j(^,^...,„. -fOP-l+"(l-^), 

where we used D'^Lp = O ^ and (5.26) applied to d and as well, also using 

(5.33) D^M):^^ ^ ^i^^i^^zJ^s^ ^ 0i+si(i-7) ^0P-i+s2(i-7), 

Si-(-S2=S 

□ 

5.6. Lemma. Let ip be the solution of (3.33) and suppose, that there exists 
< 7 < 1, such that 

(5.34) D^Lp = VI < fc < TO - 1 
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and set 

(5.35) gij = ifit^j + (Jij, 
then 

(5.36) ~g = O", 

(5.37) = 0-27 VI < fc < m - 2, 

(5.38) i:)™-\g = 0-27 _^£)'"(p*0-'^, 

(5.39) D"'g = 0-27 + ^ 0-7 + £»™+i<^ ^ 0-7^ 

(5.40) i:''=(/i}) = C'i+'=(i-'y) VO < fc < m - 3, 

(5.41) D"'-'^{h)) = C'1+(™-2)(i-t) +i:»"V*0°, 

(5.42) D'""i(/ij-) = Oi+t^-i^ti-T) +L>"V*C'i-T + i:>™+V*C'", 
and 

(5.43) + C)l+"(l-7) + r>^^^p ^ 01-7 + ^ 0i-7 

Proof. We have 

(5.44) g''' = ct'"^ - w-VV = C"- 
For aU 1 < fc < m we deduce 

7^'=(.g'") = -(z?'''(w-2)^'<^'- + „-2£,'c(^i^r-) 

(5-45) + ^ Z?«(.-2)*i^*(^V^)), 

s+t=fe 
s,t>l 

from which (5.37)-(5.39) foUow by Lemma 5.3. There holds 

(5.46) U, = -V-\tVra~K)- 

For aU 1 < fc < m we have 

+ D*'{v-^)M{+v-^D^{d)5i 

(5.47) 

jl+j2+j3=k 
Jl+J2 = fc 

ii j2>i 

In order to prove (5.40)-(5.43), we examine (5.47) and use Lemma 5.3, Lemma 
5.5 and (5.37)-(5.39). First let 1 < fc < m - 3. Then 

(5.48) D'^hl = 0-37 + 0-7 + 01-27 + 0l + fe(l-7) ^ 0l+fc(l-7)^ 
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f5 49) 

(5.50) -f i:)'"(^*C'i-'^ + Oi+("'-i)(i-') 
and finally 

(5.51) +i:>"(^*D'"(^*C'-'' 



□ 



5.7. Lemma. Let (p be the solution of (3.33) and suppose, that there exists 
< 7 < 1, such that 

(5.52) D'^ip ^ O^'' VI < fc < m - 1, 
then 

(5.53) 2?"$ = o-(p+") VO < a < m, 

where I?" denotes an arbitrary derivative of order a with respect to the 
argument /i^. 

Proof. Di Bruno's formula, (5.7), gives 

a 

(5.54) 2?"$= c„$(^-i'^-)(i^)]^ 

/ci + .-.+afco-— Q 2—1 

where ^ In view of 

(5.55) F = F{h\) = F«), 
we have 

(5.56) F^O^ 
and by homogenity 

(5.57) V^F^O^-\ 
as well as 

(5.58) $W(i^) = o-(p+'^). 
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Thus 

(5-59) n(^) ==n^=^^"-'^'-^"-"N 



i=l ^ ' i=l 



which implies 

(5.60) I?"<i> = ^ 0-(p+E?=i fc.) ^ 0Ef=i fc.-E?=r'*:. = (^-(p+a)^ 

□ 

5.8. Lemma. Let ip be the solution of (3.33) and suppose, that there exists 
< 7 < 1, such that 

(5.61) D^ip = 0^'' Vl<fc<m-1, 
then 

(5.62) D'^^ = O'^fi-'^^^P VO < A: < m- 3, 

(5.63) D™-2$ ^ 0(m-2)(l-7)-p + i:)"V*C'~^''"^^\ 



(5.64) 
and 



(5.65) + D'^ip ★ ^'"(^ ★ o-Cp+i+t) _^ £)™+i<^ ^ 0-(p+7) 



Proof. We consider $(/i;) ee $(F(/ij)). 



(5.66) i?^$= ^ c^I?^-i'='$(/il)[] 

fci + ...+/3fc^=;9 i=l \ "' / 

We consider the different cases separately and use Lemma 5.6 and Lemma 
5.7 to obtain, that if /3 < m — 3, then 

(5.67) D^<^> = 0-(p+5:f=i 0^?=! fe.+Ef=i »fc.(i-7) = 0/5{i-7)-P_ 
If ^ = m - 2, then 

iP/^*- ^ 0-(p+Et,fe.)^]^Y:^'j 

gg^ ki + ...pkf,=f3 1=1 \ ' / 
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For P — m — 1 we get 



ki + ...+l3ki3=l3 1=1 
★ (C)l + ("-2)(l-7) + Jjm^ ^ (jO^k, 



^-2 /r.^rl 



(5.69) 

★ (C)l + (™-l)(l-7) + Ijrn^ ^ (jl-y ^ £)m+l^ ^ Q^l^k^-i 

In order to prove (5.65), we calculate 



(5,70) 



kil • • • kjn\ ^ ^ 

ki-\-...7nkm—f'>'i' / 
★ (0l + (™-2)(l-7) + Jjm^ ^ 0O)fe„-2 

\ mi 



Thus 



+ D"'(p ★ L>"V * C'-(P+i+''' + C'™(i-7)-p 

(5.71) + ★ ★ 0-(p+i+7) + ^ 1)™+ V * 0^(^+2^ 

^ 0™(l-7)-p ^ D'"^ * (91-27 -P ^ 0ni(l-7)-P 
-f ★ 01-27-p + Jjm^ ^ ^m^^ ^ 0-(p+l+7) 

so that finally 

_,_ 0™(l-7)-P _f_ ^ 01-27-P 

(5.72) ZJ^yj ★ ★ C'-(p+i+7) + D'^+'^ipi. 
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□ 

5.9. Lemma. For a function 

(5.73) (f-.S^-^m. 
there holds 

(5.74) <y5rfe;»i...»„, = <^ii...j,„;rfc ★O". 

Proof. We shift ij into the j-th position inductively. For j = 1 we have 

rkii Vs j ;42--- 

(5.75) = 'Priiki2...i„, + {5k<^rii - S!l^ark)'fsi2...irr^ 
= 'f^,rk^2...^„.+D''^^*0°. 

Suppose inductively 

(5-76) </?rfc;ii...i„ = ^ii...i,rki, + i...i^ + D"^ ip * 0° , 

then 

/ 3 \ 



(5.77) 



+ I ^ ^ ^ ' iikij-1-i'Pii...ii-iSiii + i...ijr j 

= l /;i,+2...*„ 



and analogously for exchanging r and ij+i- □ 

5.10. Lemma. Let (p be the solution of (3.33) and suppose, that there exists 
< 7 < 1, such that 

(5.78) D'^V = O"'^ VI < fc < TO - 1, 
then the functions 

(5.79) z = ^|i?"-VP - 
and 

(5.80) iz;=i|i?'>p = i^.,....„^'--- 
satisfy 

_|_ 0-(i+7)+("i-i)(i-7) 
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and 

(5.82) +D'''ifiirD"'ipi.D"'ip-kO-^^+'^'> 
Proof, if satisfies 

(5.83) ^ = on [0, 00) x S". 
Differentiating covariantly with respect to aij gives 

(5.84) + D^^{§P-^)i<D^^vi^D^'^. 



In order to prove (5.81), we consider k = m — 1 and obtain 
(5.85) 



There holds 

(5.86) Zra = <Pn...i™-i™'^''-''""' + Vii...tm-irV'^'"''^^^;a 

and thus 

We conclude, that 



;a 



(5.88) + 0-(l+7) + (m-l)(l-7) + ^ 0-(l+27) 



38 



JULIAN SCHEUER 



To prove (5.82), set fc = m to obtain 

(5.89) ~dP+^^F^ip,,,„i^+ D'^'ipi. D"'Lpi.O-^'^+'''^ 

As above we have 



(5.90) Wra = 'Pii...i„;ra'/5'''"''" + V'ii . . .i™ ;r 



;a 7 



(5.91) 
and thus 



□ 



_ ^P-1$F" Wa,, = -2(p - l)dP-^Mw + ★ 0-l+m(l-7) 

(5.92) - '&P-^^F''''ip^^,„,^.r^''-'"^.^ - 2z9P+i$F°w; 

5.11. Theorem. Let ip be the solution of (3.33), then 

(5.93) ^'"v? = O-'' Vm e N* VO < 7 < 1. 

Proof. We use a method similar to the proof of [5, Lemma 6.10]. 

For m = 1, 2 this has been proven for 7 = 1, cf. Theorem 4.5 and Theorem 
4.6. Thus let the conclusion hold for 1 < fc < m — 1, 771 > 3. Let 

(5.94) z=i|i?"-VP 
and 

(5.95) w=^\D"^cp\^, 
as well as 

(5.96) w = we^\ < A < 1. 
Set 

(5.97) C = log?i' + z. 



NON-SCALE-INVARIANT ICF IN HYPERBOLIC SPACE 



Then by 5.10 we have 



(5.98) 



nP 

+ Z - i)P-^^Ftg''^Zar 

= -2{p - l)'&P~^'dv^ - 2z?P+i$F° 

+ ^P-^^a-^ - F'"-)^,,...,„;,^'-^-.,u;- 
+ (C'-i+™(i-'') ★D'"v5)w^^ 

+ (C'-27^£,m^^£,"(^)w-l 
+ (0-{l+7) ^ ^ V)U'"^ 

+ ,9f-i$(a'^'- - F'"-)(^,,...,,„_,;,(^^-''"-\ 

^ 0-(l+7) + (m-l)(l-7) _^ (»^-(l+27) ^ £)™ 

+ ^P- 1 ^F'"' (log w;), (log w)r + ^X. 

nP 

We want to bound Thus, fix < T < cx) and suppose that 

(5.99) sup C = C(io,a^o), > 0. 

[0,T]xS" 

At this point we have 

(5.100) -z, = (logw)a 
and thus 

^p-i$F,V(logu')a(logu;). 

(5.101) =^''-l$F,V>^i...z„_i;a^^^---'--V,i...,™-,;r</'^'^---^'"-^ 

Thus, at {to,XQ), also supposing that 

(5.102) iD^^le^n^* > 1, 
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)- 

(5.103) < -2i?-ii?^;F-P(/iJ,) + 2pF'P{hl){^~^^v - P-^F^) 

+ ce-^WD'^ipl^ + IZJ^+VI^)) 
nP 

where we used 

(5.104) ab < + 

with a = \D"^ip\, b = \D"^^^ip\ and e = e^, as well as with a — l,b — \D"^if\ 
and e = 1. 

From the and estimates we know 

(5.105) -2^'^dvF-P — 

(5.106) li-aisup2pF-P{^~^dv - i^^^i^^) < 

f oo 

and 

(5.107) la"'' - F-^n ^ 0- 
In view of 

(5.108) = pi?-2F-(f+i)(;ii) > ce-^\ 

cf. CoroUary 3.6, we may absorb any bad term by the good terms 

(5.109) -i9P-^4>\D''(f\^, k=^m,m+l, 

if to is supposed to be large enough and < A < 1. Thus, for large to and 
A < 1 we obtain a contradiction and conclude 

(5.110) |L>"V|e^* < c = c(n,p,Mo,m,A) VO < A < 1, 
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which means 

(5.111) = 0"' VO < 7 < 1. 

□ 

6. The conformally flat parametrization and convergence to a 

SPHERE 

In order to complete the proof of Theorem 1.2, we use the conformally flat 
parametrization and consider the flow in K""*"^. From now on, we distinguish 
quantities in EII"+^ from those in by an additional breve, e.g. u,gij, 

etc., compare [5, ch. 5]. For a flow hypersurface 

(6.1) Af = graph M = graph u 
we then have 

(6.2) u = log(2 + u)~ log(2 - u) 
and 

(6.3) \Du\'^ = u-^a'^u.Uj = iZJup. 



Note that 



ds^ = — \ (dr'^ + r'^aijdx'dx^) 

(6.4) (1-3'^')' 



Let 

(6.5) ^ 



e^'l'idr'^ +r'^(T,jdx'dx^). 
1 r 



2l-ir2' 



then the second fundamental forms /i^ and ft.* satisfy the relation 

(6.6) e''h)^h)+v-^M] = h), 
cf. [5, (5.11), (5.13)]. Set 

(6.7) gij = UiUj + u^cFij 
and 

(6.8) = gikh!], 
then the flow in H"+\ 

(6.9) X = F-Pv, F = Fihj), 
now reads in M.'"-^^ 

(6.10) X = F-f e^P-i^'^'z/, 
where 

(6.11) F = F(%)=F(ft})- 
Using 

(6.12) hijV~^ = —u-ij + hij 
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and the homogenity of F = F{hij), we obtain 

(6.13) u - ^F'^u,,j = ^e^P-^'>'f'v<S> + y-^^F - ^y-^dF'^g.j - ^F'^hij. 

Here and in the following, u-ij denotes covariant differentiation with respect 
to gij, where merely indices, m^, denote derivatives with respect to aij and 
li = ^ is a partial derivative. We want to use coordinates (a;*). 

6.1. Lemma. Let u be the scalar solution of (6.10). Then 

(6.14) D"'u = 0-^+' Vm G N* VO < e. 
Proof. We have 

(6.15) Ui= ^ 

1 - jU^ 

In view of (6.2) there holds 

(6.16) 2 - ii (2 + w)e-^ 
and thus 

(6.17) (Z-u)*^ = O"^ V/3 e M, 
using Lemma 3.5. Set 

(6.18) g{u) ^ ^ 



Then 

(6.19) D-g^ y: ^™r^^-^'-+'^n(^) . 

ki + ...+mkjj^—m i—1 

and 

(6.20) D7= D^u^D^'u. 

s+r— i 

Taking \Du\ with respect to the spherical norm, we see that the claim holds 
for TO = 1, by Lemma 5.4. Suppose the claim to be true for 1 < fc < to — 1. 
Then 

(6.21) D'^u^ gD"'u + Du*D"'-^g+ ^ D'^+^w^D' 



9 



s+r— 771— 1 
s.r>l 



SO that 

D'^u^ g-'^D"'u + g-^Du*D"'-^g + g-^ ^ D^'+^ui.D'g 

(6.22) ^+7rr' 

^ 0m(l-7)-l ^ Qem-l V7 < 1 Ve > 0. 

□ 
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6.2. Lemma. For all to e N* and for all < e there hold 

(6.23) D'^yf^ = O^^+e ^ 

,0,24) 

(6.25) £'"((2 - u)'^) = 0-'^+^'", 

(6.26) D"\h){2 ^ u)) ^ 0-^+' 
and 

(6.27) L»'"(/i,j(2-u)) ^ C'-l+^ 
Proo/. 

(6.28) = Jl + u~'^a'^u,Uj. 



Differentiation gives 



2v 



= Ve > 0. 

Thus L»(w'^) = (3v^-^Dv = 0-2+<! Ve > 0. Let the claim hold for 1 < fc < 
TO — 1. Then 

(6.30) s+r='m-l 



SO that 

(6.31) D"\v^)^ ^™*^"*n(^) 
Thus (6.23) is true. 

To prove (6.24), suppose that / is smooth, then 

(6.32) D"\fou)^ ^"/^'^(")n(-r) 

k = J27Li^i7 since in case 

(6.33) /(.) = ^ 



(6.34) fix) = 



2 + a; 
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we have 

(6.35) e C°°(u([0, oo) X §")). 
In case of (6.25) we have 

(6.36) fix) = (2 - xf 
such that 

(6.37) /W(a;) = n(/' " - a:)^-'-(-l)* 



implying 

(6.38) /(^■)(w) =0'^-^. 
Thus 

(6.39) D'^if ou)=0-^+''^. 

In order to show (6.26), first observe that there holds, according to (3.112), 

(6.40) /i! = —5] + ^^u'wj 5 Ufcj. 

Have in mind, that now i9(u) — u, — a^^u^ and derivatives are taken with 
respect to Oij. Thus 

— ?; 9 — 11 
D"'{h]{2 - u)) = i?"M ,55 + -^u'uj 

(6.41) -(2--) u,,+v- —5^ 

(6.27) follows from 

(6.42) D'^igij) = D^'iu.uj + u^a^i) = 0'^+' . 

□ 

6.3. Theorem. Let u be the scalar solution of (6.10), then 

(6.43) D'"'u = 0-^ Mm en*. 

Proof. We follow the corresponding proof in [5, Thm. 6.11]. 

Define 

(6.44) (/> = (2 - u)"\ = (/)e-^ 
and 

(6.45) F = F{h'l{2-u)), ^ = ^{F). 

There holds, having in mind that /i* — > ^5*, and using (6.17) as well as 
Theorem 4.5, that 

' _^ 2u 



(6.46) \ht{2-u)-5f\<\hf{2~u)\ + 



2 + u 



< ce . 
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We have 
(6.47) 



50 

at \2-u nP 

2uiU 



,6.48) = 
and thus 



(6.49) =^ (u - t;-2$,^-(f+i)e-^*F'^«i,- 

2-u ^ ^ riP J 

An easy calculation shows 

Uij = v^u-ij — u~^{a^^UkUiUij — 2uiUj) 

(6.50) = —vhij + v^hij — u~^{a^''UkUiaij — 2uiUj) 

= -vhij + ^Qij + v^hij - u~'^{a^^UkUiaij - 2uiUj). 
Thus we conclude 



(6.51) =^^(w- +u-^w-4^-(P+i)e-^*F'^(a'='ufcUiai, 
^' 2-u ^ riP J 



which is 



(6.52) 



t;-4F(2 - u)P-^ij> - fl>(e'^(2 - u))p-^^ 



2 + u 



- (2u-^ + (6-4(2 - u)PF'^u,Uj)4> 

+ u-^v-^k{2 - ufF'^a^^UkUiaij^ - ^4>, 



being equal to 

,i 2u 



(v-^^F - v-^l>^^F'igij) (2 - ur-^4> 
(6.53) I V2 + n; np)"" 



+ u-^v-2$(2 - u)PF'^aija^'-UkUi 
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Set 

(6.54) w^^\D^^4>\'- 
Then by Lemma 6.2 we have 

(6.55) L»"<^ = O"" Vm e N* Ve > 0. 

Differentiating the equation for (j) covariantly with respect to <7ij m times, we 
obtain 

(6.56) 

= 0-\ 6>0, 

where first e has to be chosen in dependence of p and m. Thus 

(6.57) w = supw(-,x) 

satisfies 

(6.58) id < Cm^se-^' 
and is bounded. 

Thus 

(6.59) D'^(j)^0'^ VmeN. 
This yields 

(6.60) Du={2-ufD(f> = 0-\ 
If 

(6.61) D'^m = VI < fc < TO- 1, 
then 

ki-\-...-\-mkrji—m i—1 



(2 - w)2 
which imphes 

(6.62) D'"u = e)-2*D'"0 + C)-i =0-1. 

□ 

6.4. Corollary. The rescaled functions 

(6.63) u^{u- 2)e^ in M"+i 
and 

(6.64) = w - — in H"+i 
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are uniformly bounded in C™(S") for all m e N and converge in C°°(§") to 
a uniquely determined limit m or u respectively. 

Proof. Wc follow the proof of [5, Thm. 6.11]. 

Because of the boundedness we only have to show, that the pointwise limit 

(6.65) \iin{u{t,x) -2)e^ 

exists for all a; G S". We have 

i du (•„_i-|,;, V t 1 _ 

u = — ^e'^P ^>f—e^ + —u 
dt FP nP 

u + 2, t AP ~ 1 
= — : — (2 - u)e"'' V— —F ^ H u 

(6.66) ^ (2 + ^)p 

' 1 4P"i 

-vF-P I u 



nP (2 + u)P-i 
> -ce"^. 

Thus 

(6.67) {u-nPce-^y >Q, 

which implies the result. □ 
6.5. Theorem. The limit function 

(6.68) u ^ lim (u- 2)e^ 
is constant. 

Proof. Wc follow the proof in [5, Lemma 6.12]. 

Here we use the standard notation again, i.e. Uij denotes differentiation 
with respect to gij and time derivatives are total derivatives. We prove, that 
V = and ii satisfy 

(6.69) \im{i'')'e^' ^ —\\Du\\^ 

t— )-oo nP 

and 

(6.70) lim {\\Duf )'e^^ = —Auu, 
t— >oo nP 

which, by 

(6.71) \\Duf = l-i)^ 
will then lead to 

(6.72) uAu = -\\Duf 
and hence 

(6.73) 0= /" WDUfu-^, 

JdB2{0) 

implying 

(6.74) u = const, 
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since m < c < 0. 



We have 



(6.76) 

From 
(6.77) 
we get 
(6.78) 
Thus 

(6.79) 

leading to 



the Weingarten equation. Furthermore there holds 



= g'^g^j - 2u-^ug'^g^j - 2e^P-^^'^ p-PhijU^u^ 

_ 2e^P-^'>''^F'Ph,ju'u^ 

^ 2e(P~^)^F-P (h-'^)+ 2e(f-i)^F-f " (1 - i) 
\ u/ u 

+ 2e^P-^^'''F~Pi^u~^\Du\^ 
_ 2e^P'^'>''^F'Ph^ju'u^ 



Hv = -Au + u^'^{n - w^|Dup). 

H = -All + (1 - v)H - w2m-1|£)u|2 
u 

= -Au + O-^, 



iWDufy = 2g'^u,uj-g,,u'u^ 



(6.80) 



2-4P-iAu(2-u) 



FP{2- u)P{u + 2)P-^ 



Finally we obtain 



(6.81) lim (WDufYe^* = lim 



2 • 4P-^uA{l 2 




t^oo (F(2-u))P(u + 2)P-i nP 



which is (6.69). 



To prove (6.70), first observe, that 



(6.82) 



NON-SCALE-INVARIANT ICF IN HYPERBOLIC SPACE 



49 



(6.83) 



where (r/^) = (1,0,..., 0). Thus 

= O-^ -{p- l)e^P-^'>'''i}F-P\\Du\\^ 

= O-^ + pe^P-^'>'''F-P{F~^d^F''^gki ~ ^)\\Du\\^ 
+ e^P-^')'l'dF-P\\Duf. 
Since F^^ = §-^F-^{h'ji9~^) and 



(6.84) 



2 (l-iu2)2 4 (1_ 1^2)2 



^ ,Q-1 2 8" 

(1-1^.2)2 

_ 1 

7 

we find 

2 2 2 

(6.85) hm ('52)'e53.* = hm 2ive'^^ = — 

proving the claim. 



□ 



References 



[1] Qi Ding, The inverse mean curvature flow in rotationally symmetric spaces, Chinese 

Annals of Mathematics - Series B (2010), 1-18, doi:10.1007/sll401-010-0626-z. 
[2] Clans Gerhardt, Flow of nonconvex hypersurfaces into spheres, J. Diff. Geom. 32 

(1990), 299-314, pdf file. 
[3] , Closed Weingarten hypersurfaces in space forms. Geometric Analysis and the 

Calculus of Variations (Jiirgen Jost, ed.). International Press, Boston, 1996, pdf file, 

pp. 71-98. 

[4] , Curvature Problems, Series in Geometry and Topology, vol. 39, International 

Press, Somerville, MA, 2006. 
[5] , Inverse curvature flows in hyperbolic space, J. Diff. Geom. 89 (2011), 487 — 

527 

[6] , Non-scale-invariant inverse curvature flows in Euclidian space, (2011), 

arXiv:1112.5626vl 

[7] Gerhard Huisken, Flow by mean curvature of convex surfaces into spheres., J. Differ. 

Geom. 20 (1984), 237-266. 
[8] Steven G. Krantz, Harold R. Parks, A primer of real analytic functions, 2. ed., 

Birkhauser, Boston, MA, 2002. 

Ruprecht-Kahls-Universitat, Institut fur Angewandte Mathematik, Im Neuen- 
HEiMER Feld 294, 69120 Heidelberg, Germany 
E-mail address: scheueramath.uni-heidelberg.de 



